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THE FIBONACCI SEQlJENCE 

Leonardo Fibonacci, also lr.no·wn as Leonardo de Pisa, was an Italian rnathematician of 
the late 12th ru1d early 13th centuries. He advocated the adoption of .Anlhic notntion 
and extended the material then known in geometry and trigonometry. 

(a) A pair ofrc.t.bbits one month old are too young to produce more rabbits, but 
suppose thtJ.t in their second rn.onth and every month tJu;:r.;.·tJ.jter they prot.luce a net-'.-' 
pal r. l.f each nei-V pa.i r qf rabbits does the sc1.me, and none qf the rabbits die, ho'r'.-' 
rnany pairs ofrt:.bbtts will there be at the beginning of each month? Describe your 
re::.1ilts. 

At the begitming of month 1, there lNill be 1 pair of rabbits. 
At the beginning of month 2, there will be 1 pair of rabbits. j 
At the beginning of month 3, there will be 2 pairs of rabbits. 
At the beginning of month 4, there will be 3 pairs ofnlhbits. 
At the beginning of month 5, there will be 5 pairs of rabbits, etc. 
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(b) Now apply this problem to that of the family tree of a male bee. A male bee 
has on£y one parent, his mother~ while a female bee has both father a,"'ld mother. The 
family tree of a male bee has a strange pattern as a result. ~(the male is represented 
by the symbol M and each female by the symbol F, what would the family tree look 
like? 
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(c) A great 18th century French mathernatician named Joseph Lagrange did not 
become interested in l!.fathemati cs until he was 17. He discovered a pattern in the 
remainders formed by dividing each term in the Fibonacci sequence by 4. The 
remainders for the first four terms are the terms themselves. Find the remainders 
for the rest of the terms in this sequence. For excwple, the ninth term, 34, gives the 
remainder of 2 when divided by 4. vVhat is the pattern in the sequence of the 
remainders? 

Fibonacci seq.: 1, 1, 
,., 3, 5, 8, 13, 21, 34, 55, 89, 114, ., 
Divide terms by 4. 

1, 1, 2, i 1, 0, 1, 1, 2, ... 1, 0, ~, 
,, Remainders: 

n 1 2 3 14 5 6 7 .... 9 10 11 12 0 

Flbonacci 1 1 2 13 5 8 13 21 34 55 89 144 
Remainder 1 1 ... I" L .) 1 0 1 1 2 3 1 0 

'I11e pattem in the sequence of remainders is that of 1, 1, 2, 3, 1, 0. 



(d) Find the square of the jirzt eight terms of the Fibonacci sequence. Then add 
each pair of consecutive ;;qua:res to make a new sequence. Fflhat do you notice? 

n 1 2 3 4 5 6 ... I s I 

Fibonacci 1 1 2 3 5 8 13 I 21 
Fib. sq. 1 1 4 9 25 84 169 1441--

/ 

Add each pair of consecutive squares to make a new sequence. 

1+1=2 
1+4 =5 
4 + 9 = 13 
9+ 25 = 34 j 
25 +64 = 89 . 
64 + 169 = 233 / 
169 + 441 = 610 J 

New sequence becomes 2, 5, 13, 34, 89, 233, 610, ... 
Compare new sequence to original Fibonacci sequence. 

Neii'J seq. 2 5 14 
Fibonacci seq. 1 1 2 3 5 s 13 21 
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Clearly, the terms ofthe new sequence formed by addi.~the consecutive squares of the 
Fibonacci sequence cm1·espond to every second ..jrm of the original Fibonacci 
sequence. 

(e) The pattern below is also based on a sequence of squares in the Ftbonacci 
series. Write the next two lines ofthe pattern and check to see if they are correct. 

Pattem based on a sequence of squares in the Fibonacci series. 

12+ 12 = 1.2 
12 + 12 + zz = 2.3 
12+12+22+32=3.8 
12+ 12 +22+32+ 52=5.8 I I 
12 + 12 + 2 2 + 3 2 + 52 + g2 = 8.13 = 48 ( cotTect!) 
12 + 12 + 22 + 32 +52+ g2 + 132 = 13., = 27y-' (cotTect!) 

NiJw write in the missing numbers in the pattern below. This pattern is based 
on cubes of consecutive terms of the Fibonacci sequence. What do you notice about 
the nt.J.tnbers on the right? 



Pattern based on cubes of consecutive tern1s in the Fibonacci sequence. 

z3 + 33 - 13 = 34 
J3 + s3 - z3 = 144 ~ ~ 
;3 + 83 - 33 = 610 q t'--. \ 'L l S \ es-r-5 

J / • 

The numbers on the right correspond to every third tern1 of the Fibonacci Sequence. ?::.
11 
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{j) An area of biology in which Fibonacci numbers appear is plant growth; the 
numbers of peals of many flowers are Fibonacci numbers. Fibonacci numbers also 
appear in the arrangement of leavez on the stems of plants. 'What Fibonacci 
numbers can you find in the drawing of this plant? 
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(g) The Fibonacci sequence is also closely related to the Logarithmic Spiral. 
Use graph paper to construct a diagram similar to the one shown below. The 
resulting curve, based on the Fibonacci sequence, is close to the shape ofthe 
chambered J:lautilusil 
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PASCALSTRIANGLE 

Blaise Pascal (1623-1662), was a French religious philosopher, mathematician and 
scientist. 

Pascal was born in Clennont-Ferrand. His father, a civil servant, took charge of his 
education and taught him only those subjects which he wanted him to lmow. These 
were mostly ancient languages, and Pascal's father refused to teach him any of the 
sciences until he fow1d that a1 the age of twelve, the boy had discovered geometly and 
taught it to himself Before he was sixteen, he wrote a paper on conic sections which 
won the respect of the mathematicians of Paris; at nineteen he invented a calculating 
machine. In addition, Pascal discovered the properties of the cycloid, contributed to 
the advance of differential calculus and is credited with founding the modem theoty of 
probability, including the mathematical triangle now known as Pascal's Triangle. 

(a) In a rather unusual farnJJ:'i, all 8 of the children are girls. Since the 
probability ofa child being a boy or girl are about the same .. it would seem as if in a 
family of this size, 4 boys and 4 girls would be much more likely. EX(J.ctly how do the 
probabilities of a family having 8 girls and a family having 4 girls and 4 boys 
compare? 

Pascal's Triangle is a~·e y reference for finding the odds governing combinations. 
Each number within th triangle is obtained by adding the two numbers inunediately 
right and left above it. Computations are always made horizontally by rows: there are / 
eight row shown, covering the chances ruling groups of one to eight TI1e swn of the 
nwnbers in any row gives the total arrangements of combinatiops possible within that 
group. ~ 
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Therei\1re, to det•:nnine the probabi!it_y of any giv•3n boy-girl combination in a famiiy of 
~'ight children~ the numbers ofthe eighth ro·w are t.lrst added which givii's a total of 256. 
The triangles at the ends of th.; ro\V smnd f{:ir th·: chanc-:s for th~ lea~t !ib:-dv 
~ombinah.ons - 1haJ is. ;1H bov_.'!i or all ._.it __ irb: l in 2..56 Tti0~ c;;:nh:·r trian.~_· ..... lt• - ·7o - ato_r_llie::: i 

.. t - lj 
to four boys, t(nlf girls, for \Vhich the chances are 70 in 256. 

(l.') £\t.7pr~t:·s{_;·nt thf?. nurnb(;~r (~/- i1}a~y~s in l'Vhich 3 f'OillS can turli U.J1, then 4 (~t.Jit/S, 

J'·l(JW (lt.?tJfCt hf)"l· ... ' r·~; CtltnE: C(.lJ7. turn l.;p ana' ref.ate this bat:;k ttJ thf~ orfgin.(J.f _{Jl'(tlJfcrN 

Y'egartifng ,5 ~g.irl.s tr~ f~ .fi:;,tn.i.!_y, 

11Ie third row ofthe triangle (1, 3, 3, 1) r<:pr~8ent8 the way in vvhich 3 coins can tum up 
vvhen they are tossed. 
ie. Number of Heads 

Number ofWays 1 3 

Probability 1 3 
s ·- 8 

Thi? fourth row ofthc trianglv (L 4. 6, 4, 
turn up \Vh1m th~y \lfe tossed. 
1~. Number ofHeads 4 3 

N1m1ber ofWay~ 1 4 

Probability 1 
16 

4 
16 

1 
3 

3 
8 

(i 
··' 
1 

1 -

1) r~presents the \.Vay in \vhich 4 coms can 

2 
6 

6 
16 

1 
4 

4 
16 

1 
1. 

16 



The eighth row ofthe triangle (1 , 8, 28, 56, 70, 56, 28, 8, 1) represents the way in 
which 8 coins can turn up \.Vhen they are tossed. 
1e. Number of Heads 8 7 6 

Number ofWays l 8 28 

Probability 1 8 -256 256 
28 

256 

5 4 
56 70 

3 
56 

2 
28 

1 
8 

56 1Jl. 56 1.8.. _a_ 
256 256 256 256 256 

0 

1 / 

_L 
256 

Once again, the probability of a rare sequence such as repeated heads or repeated tails 
in coins when they are tossed can be calculated using Pascal's Triangle. / 

The sum of the numbers in any row gives the total arrangements of combinations 
possible within that group. Using both examples (a) and (b), to determine the 
probability of any given boy-girl combination in a family of eight children or any given 
head-tail combination in eight coins when they are tossed, the numbers in the eighth row 
are first added, which gives a total of 256. The triangles at the ends of the row stand 
for the chances for the least likely combinations - that is, all boys or all girls, or all 
heads or all tails: 1 in 256. The second triangles from the ends apply to the ne:xi most 
likely combinations (seven boys, one girl or vice versa; or seven heads, one tail or vice 
versa) - 8 in 256. The third triangles from the ends apply to the nexi most likely 
combinations (six boys, VA'O girls or vice versa; or six heads~ two tails or vice versa) -
28 in 256. T'ne center number - 70 - applies to four poys~ four girls, or four heads; four 
tails~ for which the chances are 70 in 256. V 

{c) By multiplying, ]1nd the values of 112, 113 and 114. /Jlhat do these number .. ~ 
have to do with Pascal's Triangle? 

/ 112 = 11 * 11 = 121 // 
113 = 11 * 11 * 11 = 1331 J 
114 = 11 * 11 * 11 * 11 = 14641 

j -·~ - '2 rJ._ 3 rJ. ~- 4 -j..,_­
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11 n corresponds to the nth row ofPasca.l's triangle, where n is an integer and 2 < n < 4. T nc:-'-···:~}«-

(d) Sum the numbers of Row 1, then Rol"l 2, then Row 3, etc. The resulting 
numbers are part of a simple number :sl3quence (vpe. What kind of sequence is it? 
Describe your answer. 

Rowl: 1+1=2 
Row 2: 1 + 2 + 1 = 4 
Row 3: 1 + 3 + 3 + 1 = 8 Ceu-P 
Row4: 1+4+6+4+1=16, etc. ~ 

'fll• resulting num~ers form a ~om7 p~ of the fonn m"-1, where a= Z ond 
r - 2. Hence T11 - 2(T n-1 ). 
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(e) Starting at the left hand side of Row 2, coru:;truct a diagonal going 
downwards to the right. The diagonal is parallel to the right hands side of PascaJ!s 
Triangle. Now start at the top of this sloping set of numbers, 1·vhat is the :sum of: 

Its first and second numbers? 
Its second and third numbers? 
Its third and fourth munbers'? 
Its fourth and fifth numbers? 

4 
9 
16 
25 

These sums fmm part of a sequence of squares, ie. 4, 9, 16, 25, 36, 49, ... 
where Tn = n2. V 
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